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I’m interested in algebraic number theory and algebraic geometry. My research has close ties
with the Langlands program and the Birch Swinnerton-Dyer conjecture. My current research
may be categorized as follows:
• I study properties ofGalois representations associated to elliptic curves,modular forms
(and more generally, automorphic forms). More precisely, I investigate various gener-
alizations and refinements of Serre’s conjecture.
• I investigate questions in the Iwasawa theory of elliptic curves motivated by the Birch
and Swinnerton-Dyer conjecture.
• I study algebro-geometric properties of certain families of perfectoid spaces.

1. Overview

TheModularity theoremofWiles et al. asserts that every elliptic curve defined overQ arises
from a modular form. Wiles proved Fermat’s Last theorem as a consequence of the Modular-
ity theorem. Closely related to the Modularity theorem is Serre’s conjecture, proved by Khare
and Wintenberger. There is considerable interest in obtaining generalizations of Serre’s con-
jecture. The main aspect of my current research is in refining existing Galois theoretic tech-
niques to obtain such generalizations of Serre’s conjecture and in inventing new techniques to
investigate generalizations of Ribet’s level lowering theorem.

The Birch and Swinnerton-Dyer conjecture posits that there is a deep relationship between
the arithmetic properties of elliptic curves and their associated L-functions. This motivates
many of the questions in Iwasawa theory. Two elliptic curvesE1 andE2 overQ are said to be
congruent at a prime p if as Galois modules,E1[p] andE2[p] are isomorphic. For such elliptic
curves, it is expected that one may find relationships between the Iwasawa invariants ofE1 to
those of E2. Such questions are motivated by the celebrated results of Greenberg and Vatsal
[9], who show under some conditions that if the µ-invariant of E1 vanishes then so does the
µ-invariant of E2. In joint work with R. Sujatha, we prove similar results relating Iwasawa
invariants ofE1 toE2.
Scholze introduced a certain class of spaces called perfectoid spaces [29] which have played

a crucial role in settling a number of conjectures in arithmetic geometry and led to advances
in p-adic Hodge theory and the local Langlands program. It is of interest to develop some
algebro-geometric tools to work with such a class of spaces. The difficulty in doing this is that
these spaces are highly non-Noetherian, as a result conventional algebro-geometric results do
not hold up. In joint work with Dorfman-Hopkins andWear, we provide a description for the
Picard group of the perfectoid cover of a toric variety.

2. Introduction- Elliptic Curves, Modular forms and Galois representations

The absolute Galois group of the rational numbersGQ := Gal(Q̄/Q) encodes information
pertaining to arithmetic and geometric objects of interest in number theory. Class field theory
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provides an explicit description of the abelianization of GQ and thereby, the collection of all
abelian number field extensions ofQ. On the other hand, p-adic Galois representations

ρ : GQ → GLn(Q̄p)

capture deep geometric and automorphic phenomena.
The first interesting examples ofGalois representations are those associated to elliptic curves

and certain modular forms. Let E be an elliptic curve defined overQ and E[pn] ⊂ E(Q̄) its
pn-torsion subgroup. The p-adic Tate module of an elliptic curveE is the inverse limit

TpE := lim←−
n

E[pn] ' Zp ⊕ Zp

where the inverse limit is taken w.r.t the multiplication by pmaps. The Galois group GQ acts
naturally on the TpE, which induces the p-adic Galois representation

ρE,p : GQ → AutQp(TpE ⊗Zp Qp)
∼−→ GL2(Qp).

With respect to a choice of an embedding Q̄ ↪→ Q̄p, there is a p-adic Galois representation
associated to a Hecke eigencuspform f

ρf,p : GQ → GL2(Q̄p).

Such Galois representations satisfy certain characteristic features.

Definition 2.1. Fontaine and Mazur in [10] called an irreducible Galois representation ρ :
GQ → GLn(Q̄p) geometric if it satisfies the following properties:

(1) it is unramified at all but finitely many primes, i.e the inertia groups at all but finitely
many primes are in the kernel of ρ.

(2) It is odd, namely, det ρ(c) = −1, where c denotes complex-conjugation,
(3) It satisfies an additional local condition at p, namely, it is de Rham at p.

Geometric Galois representations are expected to arise from the étale cohomology of vari-
eties defined over the rational numbers. Fontaine andMazur conjectured that a 2-dimensional
geometric Galois representations ρ : GQ → GL2(Q̄p) is modular, i.e. is the p-adic Galois rep-
resentation attached to a Hecke eigencuspform. Most cases of the Fontaine-Mazur conjecture
for GL2/Q have been settled by Taylor [34], Skinner-Wiles [30], Kisin [16], Emerton [8] and
others.

3. Serre’s Conjecture- Refinements and Generalizations

Let p be a prime and ρ̄ : GQ → GL2(F̄p) be an irreducible Galois representation. Serre’s
conjecture (proved by Khare andWintenberger [15]) states that if ρ̄ satisfies some further nat-
ural conditions, then ρ̄ lifts to the p-adic Galois representation ρf associated to a modular
eigenform f

GQ GL2(F̄p).

GL2(Z̄p)

ρ̄

ρf

(In the above diagram, the vertical map is induced from the reduction map Z̄p → F̄p.) As,
stated, this is the weak form of Serre’s conjecture.

Before Serre’s conjecturewas proved, Ramakrishna (cf. [19], [20]) showed that an irreducible
Galois representation ρ̄ : GQ → GL2(F̄p) as above lifts to a geometric Galois representation
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(cf. Definition 2.1). We draw attention a number of generalizations of Serre’s conjecture/
Ramakrishna’s theorem.

3.1. Lifting Reducible Galois representations- Generalizations in Higher Dimensions.
The condition that ρ̄ is irreducible is essential to the methods of Khare and Wintenberger.
There has been interest in understanding if Serre’s conjecture does hold if ρ̄ is reducible and
indecomposable, i.e when there are characters ψ1 and ψ2 and a nontrivial extension ∗ so that

ρ̄ '
(
ψ1 ∗
0 ψ2

)
.

One would like to know if such a representation ρ̄ lifts to an irreducible Galois representation
ρf : GQ → GL2(Z̄p) which arises from an eigencuspform f .

Reducible representations ρ̄ as above naturally arise fromGalois stable quotients in ray class
groups. We explain this through an example of note. Let p be an odd prime, the mod p cyclo-
tomic character χ̄ induces an isomorphism χ̄ : Gal(Q(µp)/Q)

∼−→ F×p . As Galois module, the
mod p class-group C := Cl(Q(µp))⊗ Fp decomposes into eigenspaces

C =

p−2⊕
i=0

C(χ̄i).

Each one-dimensional quotient of the Fp-vector space C(χ̄i) coincides with a reducible and
indecomposable Galois representation

ρ̄ =

(
χ̄i ∗
0 1

)
.

Vandiver’s conjecture states that every even eigenspace C(χ̄i) vanishes, and it is conjectured
that the dimension of every eigenspace is at most 1. It is the author’s hope that questions of
this sort can be accessed in the future with techniques which are currently being developed.

Hamblen and Ramakrishna [13] show that if ρ̄ : GQ → GL2(F̄p) is reducible and indecom-
posable, then under further natural conditions, ρ̄ lifts to the Galois representation ρf : G →
GL2(Z̄p) associated to an eigencuspform f . This settles the weak version of Serre’s conjecture
for such reducible Galois representations ρ̄. This theorem is proved by showing that there ex-
ists a geometric lift ρ : GQ → GL2(Z̄p) of ρ̄. By the results of Skinner and Wiles [30], such a
geometric lift arises from a Hecke eigencuspform.

Patrikis in [18] proves a higher dimensional version of Ramakrishna’s geometric lifting the-
orem for irreducible Galois representations ρ̄ : GQ → GSp2n(F̄p). The following is a gener-
alization of the results of Hamblen-Ramakrishna and Patrikis.

Theorem 3.1. (R. [24]) Let p be an odd prime number and ρ̄ : GQ → GSp2n(F̄p) a reducible
Galois representation which satisfies some additional conditions. Then ρ̄ lifts to a geometric Galois
representation ρ (cf. Definition 2.1)

GQ GSp2n(F̄p).

GSp2n(Z̄p)

ρ̄

ρ

Geometric lifting results like Theorem 3.1 complement modularity theorems by Skinner-
Wiles [30] for GL2 and Thorne [35] in higher dimensions.
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3.2. Lifting Galois representations in the supersingular case. Let f =
∑

n≥1 anq
n be a

normalized Hecke eigencuspform. The Fourier coefficients of f are algebraic numbers. Fix
an embedding Q̄ ↪→ Q̄p, this induces an inclusion GQp ↪→ GQ. Let vp be the valuation on
Q̄p normalized by vp(p) = 1. The eigenform f is said to be ordinary at p if ap is a p-adic unit
and supersingular at p if not. Let ρf = ρf,p denote the p-adic Galois representation (which
coincides with this choice of embedding). The two cases can be distinguished as follows, f is
p-supersingular if the restriction ρf�GQp

is irreducible and p-ordinary otherwise. Attached to
f is its slope λp(f) := vp(ap(f)), which is positive if and only if f is p-supersingular. From
the perspective of the p-adic Langlands program, there has been some interest in classifying
local representationsρf |GQp

as f ranges over normalized eigencuspformswith slope in specific
intervals (a, b) ⊂ (0,∞). Such investigations have been carried out in [1], [4] and [12].

Let ρ̄ : GQ → GL2(F̄p) be a Galois representation for which ρ̄�GQp
is irreducible. If ρ̄ lifts

to a p-adic Galois representation ρf , then f must in particular be p-supersingular. However, f
need not be the unique form lifting ρ̄. From the point of view of the p-adic Langlands program
one would like to understand to what extent the local representation ρf�GQp

is determined by
the residual representation ρ̄ = ρ̄f . Motivated by this, we ask if all positive rational numbers
λ ∈ Q>0 can be realized as the p-adic slope λ = λp(f) for some eigencuspform f such that
ρf lifts the fixed residual representation ρ̄. We have the following result.

Theorem 3.2. (R. [26]) Let ρ̄ : GQ → GL2(F̄p) be an odd Galois representation which is un-
ramified outside a finite set of primes. Assume that the restriction to the decomposition group ρ̄�GQp

is irreducible and det ρ̄ = χ̄. Let λ ∈ Z≥1. Under some additional hypotheses, there is a modular
eigencuspform fλ of weight 2 such that

(1) the p-adic Galois representation ρfλ lifts ρ̄,
(2) λp(fλ) = λ.

For an arbitrary choice of λ, the normalized eigencuspform fλ would conceivably have a
large level and have Fourier coefficients in a large number field extension. The key idea is that
one maymodify the local deformation functor of flat deformations of ρ̄�GQp

in such a way that
an analogue of themethod ofRamakrishna can still produce geometric liftswith this additional
prescribed local condition.

4. Level Lowering theorems and Galois Deformations

So far, generalizations and refinements of theweak formof Serre’s conjecture have been dis-
cussed. The strong form relies on Ribet’s level lowering theorem [28]. Let ρ̄ : GQ → GL2(F̄p)
be a Galois representation. One would like to understand if ρ̄ lifts to the p-adic Galois repre-
sentation ρf with minimal ramification. In other words, one is interested in knowing if there
exists a form f of optimal level such that ρf lifts ρ̄. When ρ̄ is absolutely irreducible, the opti-
mal level is explicitly given to be the prime to p part of the Artin conductor of ρ̄. Ribet showed
that if ρ̄ is absolutely irreducible (and modular), then it lifts to p-adic Galois representation ρf
such that f is an eigencuspform of optimal level. Ribet’s level lowering theorem is crucial in
bridging the Modularity theorem for elliptic curves with Fermat’s Last theorem.

In joint work with Ravi Ramakrishna, we investigate natural generalizations. Our methods
are very different from those of Ribet and others who have proved generalizations of his level
optimation results.

4.1. The Irreducible Case. We prove generalization of Ribet’s level lowering theorem to
Hilbert modular forms over totally real fields F . There are partial results due to Jarvis [14]
and Fujiwara [11].

4



Theorem 4.1. (Ramakrishna and R. [22]) Let F be a totally real field and ρ̄ : GF → GL2(F̄p) be
an absolutely irreducible odd Galois representation which arises from a Hilbert modular form which is
ordinary at all primes of F which divide p. Assume that S is a finite set of primes which contains the
set of primes at which ρ̄ is ramified and the primes dividing p. Then under some additional conditions,
ρ̄ to a Galois representation ρ which is unramified outside S

GF,S GL2(F̄p).

GL2(Z̄p)

ρ̄

ρ

Moreover ρ arises from a p-ordinary Hilbert modular form.

Thus, one may lift ρ̄without adding extra ramification. The method of Ramakrishna relied
on allowing for additional ramification at a finite set of auxiliary primes disjoint from S.
Wediscuss level lowering results for higher dimensional representations ρ̄ : GQ → GSp2n(F̄p).

There are some potential level optimization results known when n = 2, see [33]. However,
besides this, there is very little known about level optimization in higher dimensions. We need
to make a finiteness hypothesis for certain Galois deformation rings associated to ρ̄. A key
component used in proving such finiteness results in the GL2 setting are the potential pro-
modularity theorems of Skinner and Wiles [32].

Theorem 4.2. (Ramakrishna and R. [22]) Let ρ̄ : GQ → GSp2n(F̄p) be an irreducible Galois
representation which is ramified outside a finite set of primes S, subject to some further natural con-
ditions. Further, assume that a certain finiteness hypothesis is satisfied for certain Galois deformation
rings attached to ρ̄. Then ρ̄ lifts to a geometric Galois representation ρ which is unramified outside
the set of primes S

GQ,S GSp2n(F̄p).

GSp2n(Z̄p)

ρ̄

ρ

4.2. The Reducible Case. Our level optimization construction does not directly carry over
the case when the residual Galois representation

ρ̄ : GF,S → GL2(F̄p)
is reducible. A level optimization result in this context will imply that the dimension of every
eigenspace C(χ̄i) is at most 1. This particular statement can be thought of as a weak version
of Vandiver’s conjecture. We have some partial results in the reducible case, this is work in
progress.

5. Iwasawa theory of Elliptic Curves

LetE be an elliptic curve defined overQ. Here p is a fixed prime, andQcyc ⊂ Q(µp∞) is the
cyclotomicZp-extension andΓ = Gal(Qcyc/Q). The Selmer group Selp(E/Qcyc) consists of
classes in H1(GQcyc , E[p∞]) subject to certain local conditions. The Birch and Swinnerton-
Dyer conjecture predicts that there is a deep relationship between the arithmetic of E and
the L-function L(E, s) associated to E. There is a p-adic analogue of the L-function called
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the p-adic L-function Lp(E, s). The Main conjecture of the Iwasawa theory of elliptic curves
states that the characteristic ideal of the dual Selmer group Selp(E/Qcyc)∨ (as a module over
the Iwasawa algebra) is generated by the p-adic L-functionLp(E, s). This conjecture has been
proved by Skinner and Urban [31] under certain hypotheses. Such results are in the spirit of
the Birch and Swinnerton-Dyer conjecture.

5.1. EulerCharacteristics and theirCongruences. There has been some interest in under-
standing how Iwasawa invariants associatedSelp(E/Qcyc) behavewith respect to congruence.
Two elliptic curves are said to be p-congruent if as Galois modules, the p-torsion groupsE1[p]
and E2[p] are isomorphic. Greenberg and Vatsal [9] initiated such a study for the Iwasawa µ
and λ invariants for p-ordinary elliptic curves E1 and E2 which are p-congruent for which
E1[p] and E2[p] are irreducible as a Galois module. An example of an interesting Iwasawa
invariant from the point of view of the Birch and Swinnerton-Dyer conjecture is the trun-
cated Euler characteristic χt(Γ, E) associated to an elliptic curve E over Q. The usual Euler
characteristic χ(Γ, E) is defined only in the case when E(Q) is finite. The truncated Euler
characteristic is an integer of the form pm and is well defined for elliptic curves of any alge-
braic rank. Moreover, χt(Γ, E) exhibits a Birch Swinnerton-Dyer type formula [5]. In joint
work with Sujatha, we investigate congruences for truncated Euler characteristics.

Theorem 5.1. (R and Sujatha [27]) Let p ≥ 5 be a prime number andE1,E2 be two elliptic curves
defined overQ such that

(1) E1(Q̄)[p] ' E2(Q̄)[p] as GQ-modules and are both irreducible,
(2) both E1 and E2 have good ordinary reduction at p,
(3) E1 and E2 have the same algebraic rank g = rankZE1(Q) = rankZE2(Q).

Then, under some additional conditions, χt(Γ, E1) ≡ χt(Γ, E2) mod p.

Our theorem is in fact more general than the above statement. It is supported by numerical
examples which show that the hypotheses are optimal.

We generalize the above theorem to the setup of noncommutative Iwasawa theory. Let
Q∞/Q be an infinite Galois extension which contains Qcyc such that the Galois group G =
Gal(Q∞/Q) is isomorphic to a p-adic Lie-group. One is especially interested in the casewhen
G is not commutative. The role of Γ = Gal(Qcyc/Q) is replaced by G. The Selmer group
Selp(E/Q∞) acquires the structure of a module over the Iwasawa algebra

ΛG = Zp[[G]] = lim←−
U

Zp[G/U ]

where U runs over finite index normal subgroups of G. The notion of the truncated Euler
characteristic extends to that of the truncated G-Euler characteristic χt(G,E). We consider
two specific examples. The first of these example is when Q∞ is the false Tate curve exten-
sion Q∞ := Q(µp∞ ,m

1
p∞ ) where m > 1 is an integer which is p-power free and coprime

to p. Another example is the extension Q∞ = Q(E[p∞]), i.e. the extension obtained on ad-
joining the coordinates of p-power torsion inE toQ. Assume thatE does not have complex-
multiplication. By Serre’s open image theorem, G = Gal(Q(E[p∞])/Q) can be identified
with a finite index subgroup of GL2(Zp).

Theorem 5.2. Let E1 and E2 be as in Theorem 5.1.
(1) Letm be a p-power free positive integer which is coprime to p and the primes at whichE1 and

E2 have bad reduction. LetQ∞ denote the False Tate curve extensionQ∞ = Q(µp∞ ,m
1
p∞ )

andG denote the nonabelian p-adic Lie groupG = Gal(Q∞/Q). Then there is a congruence

χt(G,E1) ≡ χt(G,E2) mod p.
6



(2) LetGi denote theGalois groupGi = Gal(Q(Ei[p
∞])/Q), thenχt(G1, E1) ≡ χt(G2, E2)

mod p.

We are currently investigating questions related to the Iwasawa theory of the symmetric
square of an elliptic curve defined overQ. We hope to reproduce some of our results for Eu-
ler characteristics for both the cyclotomic Zp-extension and other p-adic Lie-extensions. We
are also investigating questions analogous to those dealt with by Greenberg and Vatsal in this
setting.

6. Constructing Special Galois Representations

Investigations into the deformation theory of residually reducible Galois representations
ρ̄ : GQ → GL2(F̄p) allows one to answer some purely Galois theoretic questions. We explain
two such applications.

6.1. Constructing Certain Special Galois Extensions. Let p be a prime number, the tame
Fontaine-Mazur conjecture (conjecture 5a in [10]) posits that an infinite Galois extension of a
number fieldK whose Galois group overK is isomorphic to a p-adic analytic group is either
ramified at infinitely many primes or is infinitely ramified at a prime dividing p. It is natural
to ask if such extensions exist once we pass up an infinite cyclotomic extensionQ(µp∞).

Theorem 6.1. (R. [25]) Suppose that p ≥ 5 be a prime and i 6= p−1
2

an odd integer between
2 ≤ i ≤ p− 3 for which the isotypic space C(χ̄i) 6= 0. There are infinitely many Galois extensions
F/Q(µp∞) for which
• the Galois group Gal(F/Q(µp∞)) topologically isomorphic to a subgroup of SL2(Zp) which
contains the principal congruence subgroup.
• F is unramified at primes above p and ramified above finitely many rational primes at which
it is tamely ramified.

Such p-adic extensions F were first constructed by Ohtani [17] and Blondeau [2] and their
methods relied on lifting suitable irreducible Galois representations which are extraordinary
at p. Computations for p < 3500 showed that there are precisely four primes 107, 139, 271
and 379 for which such an eigenform f exists. On the other hand, reducible Galois represen-
tations are more abundant. One is therefore able to show that such special Galois extensions
exist for an abundantly large collection of primes (which is infinite if one assumes Vandiver’s
conjecture).

6.2. Constructing Special Hida-Families. Let f be a Hecke eigencuspform and let ρf :
GQ → GL2(Z̄p) be the associated p-adic Galois representation. The representation ρf lies
in a family of ordinary Galois representations known as a Hida family. This perspective of
interpolating Galois representation in families has played a role in some number theoretic
constructions, for instance the proof of the Iwasawa Main conjecture over totally real fields
by Wiles. There is considerable interest in understanding describing the algebro-geometric
properties of such families. Let Γ denote the Galois group of the cyclotomicZp-extension and
Λ the Iwasawa algebra defined by

Λ := lim←−
U

Zp[Γ/U ]

where U runs through finite index normal subgroups of Γ. Explicitly, Λ is isomorphic to the
power series ringZp[[T ]] and Spec Λ is called weight space, since it is the parametrizes Hecke
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eigenforms in families byweight. AHida family coincideswith a localΛ-algebraT and aGalois
representation

ρT : GQ → GL2(T).

Roughly speaking, a Z̄p-point T→ Z̄p coincides with a p-adic Galois representation which is
taken as the composite

ρ : GQ → GL2(T)→ GL2(Z̄p).
The map SpecT → Spec Λ induced by the structure map is called the weight space map.
Of particular interest is the case when this weight space map is an isomorphism. In this case,
associated to eachweight in the family there exists a unique eigenform in the family. In general
the weight space map is not an isomorphism, however, Ramakrishna [21] showed that one can
lift an irreducible p-ordinary Galois representation

ρ̄ : GQ → GL2(F̄p)
to a p-ordinary family

ρT : GQ → GL2(T)

with prescribed local conditions such that the weight space map induces an isomorphismT '
Λ. The methods do not extend to the case where ρ̄ is reducible. However, the following can be
salvaged.

Theorem 6.2. (R. [25]) Let ρ̄ : GQ → GL2(F̄p) be reducible and indecomposable, satisfying some
natural conditions. Then ρ̄ lifts to a Galois representation

ρT : GQ → GL2(T)

which is p-ordinary, unramified outside finitely many primes and irreducible. Moreover, T gives
a Hida family which is abstractly isomorphic to Λ. Moreover the image of the weight-space map
SpecT→ Spec Λ contains a congruence class of weights which can be explicitly described.

7. Perfectoid Spaces

Scholze introduced a certain class of spaces called perfectoid spaces (cf. [29]) which have
played a crucial role in settling a number of conjectures in arithmetic geometry and led to ad-
vances in p-adic Hodge theory and the local Langlands program. These spaces facilitate for
a correspondence between characteristic zero objects and their positive characteristic ana-
logues. It turns out that in positive characteristic one is equipped with manymore tools which
make some arithmetic geometric results more accessible. Given the paramount importance of
perfectoid spaces, it is of interest to develop some algebro-geometric tools to work with such
a class of spaces. The difficulty in doing this is that these spaces are highly non-Noetherian, as
a result conventional algebro-geometric results do not hold up. In his thesis [6], Dorfman-
Hopkins introduces the perfectoid analogue of projective space, which he calls projectivoid
space. He develops the notion of a map to projectivoid space induced by a line-bundle on a
perfectoid space. Furthermore, he shows that the Picard group of projectivoid space is iso-
morphic to Z[p−1]. We prove a similar theorem for perfectoid toric varieties, introduced in
[29, section 8]. From our investigations into the toric geometry of such perfectoid spaces we
are able to prove a number of comparison isomorphisms to obtain such generalizations.

Theorem7.1. (Dorfman-Hopkins, R., Wear [7]) LetΣ be a fan consisting of strongly convex rational
cones and K a perfectoid field of characteristic zero with residual characteristic p. Let k denote the
residue field. Assume that

(1) Σ is a smooth fan,
(2) the support of Σ is convex (this condition is clearly satisfied when Σ is complete).
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Let X perf be the perfectoid cover associated to the smooth toric varietyX = XΣ,K (the toric variety
associated to the fan Σ defined over the fieldK). LetX0 denote the toric varietyXΣ,k. Then

Pic(X perf ) ' Pic(X0)[p−1].
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